The gauge invariance analysis of theories described in noncommutative (NC) space-times can lead us to interesting results since noncommutativity is one of the possible paths to investigate quantum effects in classical theories such as general relativity, for example. This theoretical possibility has motivated us to analyze the gauge invariance of the NC version of the Proca model, which is a second-class system, in Dirac's classification, since its classical formulation (commutative space-time) has its gauge invariance broken thanks to the mass term. To obtain such gauge invariant model, we have used the gauge unfixing method to construct a first-class NC version of the Proca model. We have also questioned if the gauge symmetries of NC theories, are affected necessarily or not by the NC parameter. In this way, we have calculated its respective symmetries in a standard way via Poisson brackets.
I. INTRODUCTION
Nowadays it is common knowledge that gauge invariance is a fundamental stone in Standard Model theory. Consequently, the investigation of how to obtain models that are gauge invariant is an important procedure in several areas of research in theoretical physics.
Another challenge in theoretical physics is how to connect quantum mechanics to general relativity. It is believed to be the path to understand the physics of the early Universe for example [1] .
Physical models described in noncommutative (NC) space-times are attempts to introduce a Planck measure, the NC parameter, into the model. In this way we can analyze the consequences of the NC approach. Namely, new terms arise due to the NC space-time and their influence in the physics of the systems can be discussed.
It is well known that gauge theories can be constructed in NC spaces by choosing systems (actions) that are invariant under gauge transformations defined through the well known Moyal-Weyl (MW) product [2] given bŷ
where the hat notation means a NC space-time variable and θ µν is the well known NC parameter that is present in the NC space-time definition, namely,
where the space-time coordinates are promoted to the status of operators [1] . We can see clearly from (1) that if we consider higher θ terms in the MW product, it turns out to be a non-local product. So, it is very common in the literature to consider only terms of first-order in θ. The ordinary products of the system will be substituted by the MW product and after that we have to introduce the so-called Seiberg-Witten (SW) map in order to obtain the NC terms (i.e., the NC contributions). This will be clear here in the future. Hence, the shape of the gauge transformations imply that the generators' algebra have to be closed under commutation and anti-commutation relations. This is the reason why U(N) is a common choice for the symmetry group for NC extensions of Yang-Mills theories instead of SU(N). However, other symmetries structures can be considered too [3] [4] [5] [6] [7] [8] . Since a NC gauge theory has been constructed, one can find the SW map connecting the NC fields to the ordinary ones [9] . The mapped Lagrangian is usually formulated as a nonlocal infinite series of ordinary fields. However, their space-time derivatives and the NC Noether identities are kept by the SW map. This guarantees that the mapped theory is still gauge invariant.
Having said that, we believe that something is missing concerning the analysis of gauge invariance of models described in NC space-times in terms of the constraints' (first or second-class in Dirac's formulation [10] ) analysis of the system. The discussion of the constraints in order to classify them following Dirac's nomenclature, still has little attention in the NC literature. In order to fill this gap we have discussed in this work the constraint analysis and the gauge invariance of the NC version of the Proca model, which was constructed in [11] . In this NC formulation of the Proca model, we will see that it is also a second-class system [11] and in this way, to analyze gauge invariance, we have to convert the system into a first-class one, which is gauge invariant, as well known.
The method used here to convert second into a first-class system is the gauge unfixing (GU) method [12, 13] , which was not used in any NC version of any well known model so far. We will analyze its usefulness here under the presence of terms coupled to the NC parameter. This is the second objective here since the first one is the result itself, namely, the obtention of a gauge invariant model concerning the Proca one. The fact that the mass term breaks the gauge invariance in the standard commutative Proca model, turns the recovering of gauge invariance of its NC version an interesting result, since the terms connected to the NC parameter can be considered to have an effect analogous to the mass term in some other systems.
To accomplish the tasks that we are discussing in this introductory section, we have followed a sequence where in the next section, we have reviewed briefly the gauge unfixing method. In section 3 we have described the NC version of the Proca model. In section 4, the gauge invariant Proca model in NC space-time was obtained as well as the gauge symmetries. The conclusions completes the paper and are written in the last part, section 5, together with some perspectives for futures research.
II. A BRIEF REVIEW OF THE GAUGE UNFIXING FORMALISM
Consider a second-class constrained system described by its correspondent Hamiltonian which has, for example, two second-class constraints T 1 and T 2 . The basic idea of the GU formalism is to convert a second-class system into a first-class one by selecting one of the two second-class constraint to be the gauge symmetry generator, i.e., this constraint will be "defined" ad hoc as being first-class. The other constraint will be discarded since a new first-class Hamiltonian will be constructed. However, since we have two constraints, the next step is to build another conversion with the second constraint that was discarded. Now this second constraint will be the chosen one, and the first constraint will be discarded. To sum up, we have two cases in this GU formalism, namely, two ways to obtain gauge invariance. This will be clear in section 4.
The idea is to interpret the original gauge-non-invariant theory as being a gauge-fixed version of the gauge invariant theory. If we choose T 1 as the generator of the symmetries then the second-class Hamiltonian must be modified in order to satisfy a first-class algebra. To accomplish that, the new and gauge invariant Hamiltonian can be constructed through a series of powers of T 2 in order to not generate any more constraints, of course. Hence, with this necessity in mind, we can write conveniently that
where it can be shown that {H, T 1 } = 0 (i.e., there are no secondary or any new constraints) and T 1 must satisfy a first-class algebra {T 1 , T 1 } = 0. In this way this final system was shown precisely to be a first-class, gauge invariant one.
As we said before, one of our objectives here is to investigate the behavior of this formalism in the analysis of NC systems, since the NC contribution can bring difficulties, like a non-local first-class Hamiltonian, for example, since the MW product is extremely non-local at higher-orders of the NC parameter. Although here we will limit the product to first-order terms of θ, this possible non-locality could has its origin in the "normalization" process described just above. This fact could bring a theoretical impossibility which could make us to abandon this conversion method. In other words, the GU conversion method could be considered incompatible with NC systems.
III. NONCOMMUTATIVE PROCA MODEL
Let us review the main steps of the NC Proca model [11] . The action of this model can be written as
where * means the Moyal-Weyl product,Â µ andF µν are the vector potential and field strength tensor respectively described in the NC space-time (remember that it is the meaning of the hat notation), m is the mass of the A µ field and we will use (− + ++). We can notice that in Eq. (4) the NC terms do not appear since the fields involved live in the NC space-time. To make the NC terms explicit, as we said before, the fields have to be rewritten in terms of the commutative fields through the SW map [2] , connecting both the commutative and NC terms. Using the SW map, the fieldsÂ µ andF µν can be written in terms of the corresponding commutative quantities as [14] 
and the θ αβ term is the NC contribution. One basic property in NC theory [1] is that the integral over the star product of two quantities is equal to the corresponding integral over the ordinary product [15] , leading the action (4) be rewritten in the form
and the next step is to use the SW map written in (6) . Hence, by using Eqs. (1), (5) and (6), the NC density Lagrangian in (7) can be written in terms of commutative fields aŝ
where we can see easily that the standard Proca model is recovered when θ = 0, the commutative field strength tensor is the standard
Using the notation in [11] , we can define the quantities
where the last one defines a vector carrying the NC parameter θ and ∂/∂t = i∂ 4 . Using these last definitions, the NC density Lagrangian (8) can be written in the following explicit formL
where A 2 = A · A, obviously. We can see clearly, as it is expected in NC space-time theories, the introduction of the NC parameter broke the explicit Lorentz invariance. But the discussion of this topic is out of our scope. Since our objective here is to convert second into first-class constraints, it is convenient to study the dynamics of the NC system described above in the scenario of the Hamiltonian framework. In this way, following [11] , the next standard step is to calculate the momenta conjugated to A 0 and A i respectively
Following Dirac's constraint formulation, we can see clearly that Eq. (11) is the primary constraint
Using the Legendre transformation and Eq. (12) to re-express E i in terms of π i and first order in θ, we obtain
Requiring the time persistence of the primary constraint (13)
where
we have the secondary constraint in first order θ
which can be seen as the generalized form of the Gauss law in NC space. The next step is to classify the constraints in first or second-class. The result of the Poisson bracket between φ 1 and φ 2 is [11]
which means that both constraints are second-class and the NC system is not gauge invariant. These two constraints define a surface in the NC phase-space.
We can see this non-invariance in Eq. (8) at once, since if we consider the standard local gauge transformation for the Maxwell electromagnetic theory, i.e., δA µ (x) = ∂ µ ǫ(x), where ǫ(x) is the local gauge parameter, we have that δF µν = 0. This invariance of F µν makes the Lagrangian in (8) a gauge invariant one if m = 0. Hence, as in the standard case, the mass term breaks the gauge invariance of the model. Notice that the NC term does not spoil the gauge invariance of the m = 0 action, of course. In the next section we will see that the GU method recovers the gauge invariance of (8) by converting the second into first-class, the constraints calculated here.
IV. GAUGE-INVARIANT EXTENSIONS OF NC PROCA MODEL
As we said before, our objectives here are two-fold, on one hand we will analyze the gauge invariance of a well known non-invariant theory like the Proca model, where the mass term broke the gauge invariance. On the other hand we want to investigate, in first order of θ-terms, if the GU formalism is able to recover the gauge invariance of such NC theory since, as we said before, the NC terms can bring a non-locality in the constraint renormalization. We believe that our results can add some light in the gauge invariance issue concerning theories described in NC phase-spaces.
It is important to notice that, by construction, as it can be seen in Eq. (2), noncommutativity spoils the explicit Lorentz symmetry since one direction turned out to be well established as defined in Eq. (2) . In this work this fact is not relevant since the objective here is the gauge invariance issue per se. Other topics like unitarity or renormalization are not discussed here.
We will describe the two cases, which is a feature of the Proca model having two second class constraints, for the construction of gauge invariant Lagrangians, namely, we will construct two Hamiltonians and the respective Lagrangians, that are gauge invariant, following GU formalism. Each case, will be characterized by the choice of one of the constraints as being the first-class one, i.e., the generator of the gauge symmetries. The other constraint will be discarded. After that, we will calculate the gauge transformations for each case.
A. Case 1:
We begin the GU formalism applied to NC Proca model in (8) by redefining the constraints, Eqs. (13) and (16), as
where we have used that θ ≪ 1 and χ plays the role ofT defined in section 2. Hence, the denominator of ψ is the Poisson bracket of φ 1 and φ 2 and, ψ is the "normalized" constraint redefined through GU point of view. The constraints χ and ψ form a canonical conjugate pair, i.e.,
In the first case, following the GU method, we will consider that χ in Eq. (17) will be the chosen first-class constraint and ψ in Eq. (18) will be discarded. Then, using χ as the gauge symmetry generator, we can compute the gauge-invariant Hamiltonian as being
Notice that, substituting Eq. (18) into Eq. (20) we can write the second term of Eq. (20) as
Then, substituting this last result into Eq. (20), we can rewrite the first-class Hamiltonian, Eq. (20), asH
where we have used again the θ ≪ 1 approximation in order to eliminate the denominators with θ-terms and the A 0 term was eliminated naturally. After some algebra, it can be verified that
which means that the Hamiltonian is gauge invariant. Hence, χ andH 1st case describe a consistent gauge theory in NC phase-space. It can be shown that, althoughH 1st case is gauge invariant, it encompasses gauge noninvariant fields. The dynamics of the NC gauge invariant (first-class) Proca model can be given in the usual way byȦ
which give us the valueṡ
where this dynamics is important in the new constrained surface defined only by χ. The gauge invariant Lagrangian can be written as
where the minus sign of theȦ 0 term is due to the metric. We can see, after some algebra, that Eq. (27) can be written in a compact way as
whereL is written in Eq. (10) . It can be shown that the involved important physical quantities are gauge invariant under the gauge transformations generated by χ. We will be back to this subject in the future. Of course, when θ = 0, we recover the commutative phase-space results. It is worth to mention again that the presence of the θ-vector implies that the Lorentz invariance is broken, as can be seen in the Lagrangian above.
Gauge symmetries:
It is well known from the analysis of classical constrained systems that the local symmetries can be constructed with the help of the first-class constraint [16] . It represents the Lagrangian counterpart of the canonical transformation generated by the constraint that lives on the phase space structure. Since we have seen that the Hamiltonian constraints could be found during the Dirac procedure, this provides a standard method for obtaining the symmetries. Following this recipe, the gauge transformation can be given by
where φ is the variable which gauge transformation we are looking for, ǫ is the local gauge parameter and T is the first-class constraint.
In both cases analyzed here we have a constant NC parameter and two second-class constraints. The primary phase space is given by (A 0 , π 0 , A i , π i ), the chosen first-class constraint is given by χ and, following GU procedure, the other constraint, ψ, was discarded. The gauge invariant Lagrangian, of course, was calculated for each case, i.e., for each first-class constraint and this constraint is the symmetry generator of the model. Substituting these quantities in (29), we have, respectively, the gauge transformations given by
which is the trivial gauge transformations for the Lagrangian in Eq. (27). It can be verified using vectorial identities and neglecting the total derivative, the gauge invariance is proved.
B. Case 2:
In the second case, we will choose
as the first class constraint. The constraint
will be discarded. A new constrained surface is defined different from the previous case. The new gauge theory will be defined on this new surface. Following the GU technique, the gauge invariant Hamiltonian is given bỹ
the π 0 field acts like a Stueckelberg field as it was shown in [17] . After rescaling, we can demonstrate that the final Lagrangian is the Stueckelberg one in NC phase space. In other words, π 0 helps in order to make the NC Lagrangian invariant.
V. CONCLUSIONS
To construct NC versions of classical systems in theoretical physics is one way to introduce terms or quantities that have a measurement defined at the Planck scale. It can be considered a semi-classical way since the Planck constant itself was not properly introduced. However, a NC space-time can also be considered fuzzy and this resulting fuzzy space-time is a path to understand quantum gravity, besides other formulations, of course.
One of the main ingredients of the Standard Model, and since we can consider formulations of noncommutativity as formulations beyond the Standard Model, we can say that to study gauge invariance of NC versions of standard theories is to study gauge invariance beyond the Standard Model. This is the main target of this work, where we have constructed a gauge invariant version of the NC space-time Proca model. We believe that it is an interesting result since in its classical (commutative) formulation, the Proca model is not gauge invariant thanks to its mass term. Since NC formulations do not change the degrees of freedom, to convert this second-class system into a first-class (gauge invariant) one, where the NC parameter terms are present, is a new result in the NC constraint literature.
With this idea in mind, in this paper we have considered to convert a NC second-class system, the NC Proca model, into a first-class system. Since we have two second-class constraints, following the GU procedure, we have analyzed two cases where one of the constraints is the chosen first-class one and the second is discarded. After that we have constructed the first-class Hamiltonian and the respective Lagrangian. Besides, to obtain the gauge invariance, we have obtained the gauge symmetries. We have demonstrated precisely that, with the calculated symmetries for both cases, both Hamiltonian and Lagrangian are gauge invariant. In the second case calculation, a Stueckelberg field was naturally introduced, which helped the construction of the gauge invariant Lagrangian.
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